Received: DDMM YYYY Revised: DDMM YYYY Accepted: DDMM YYYY

DOI: 10.1109/XXX.XX.XXXX

E€BION

ORIGINAL PAPER

Time-Correlated Ephemeris Errors and Relativistic Effects for
Single-Satellite Doppler Localization of Lunar Rovers

Kaila M. Y. Coimbra | Grace Gao

'Department of Aeronautics and Astronautics,

Stanford University Abstract
As near-term lunar missions move toward sustained surface operations, rovers must achieve absolute
Correspondence localization well before dedicated navigation constellations become available. This work investigates a
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Astronautics, Stanford University shift of the downlink signal from a single relay satellite without a dedicated navigation payload. We focus
Stanford, CA, USA 94305 on time-correlated satellite ephemeris errors and deterministic relativistic clock rate effects, which are two
Email: gracegao @stanford.edu error sources that dominate in the single-satellite regime yet remain under-treated in prior lunar navigation

studies. In simulation, rover odometry is modeled as a noisy incremental displacement, both rover and
satellite clock bias and drift are propagated using stochastic dynamics, and broadcast ephemeris errors are
captured using a Singer process with periodic orbit determination and time synchronization (ODTS) resets.
The measurement simulation and estimator incorporate light-time delay and a consistent application of
proper time and coordinate time. To process these time-varying effects under the limited observability of a
single satellite, we adopt a tightly coupled Extended Kalman Filter (EKF) augmented with a first-order
Gauss-Markov bias state and apply a Rauch-Tung-Striebel (RTS) backward smoothing pass to refine the
estimates offline. The framework is validated through 100 Monte Carlo simulations over a 24-hour window
using parameters drawn from ESA Lunar Pathfinder and NASA Endurance specifications. The full filter
reduces the final mean 3D position error by roughly 19 m (36.7%) compared to the odometry-only baseline.
An ablation study shows that omitting the relativistic correction in the filter increases the position error by
a factor of 2.88. The RTS smoother further reduces error growth due to the time-correlated ephemeris
errors, allowing for more accurate geotagging of samples collected along the rover path.
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1 | INTRODUCTION

In recent years, there has been renewed interest in developing a sustained presence on the Moon. A growing set of lunar
mission architectures from space agencies and commercial providers are targeting rover operations supported by dedicated or
hosted relay satellites (Fernando et al., 2025; Keane et al., 2022). In the early stages of lunar exploration, prior to full LunaNet
constellations (Giordano et al., 2023), absolute rover localization with minimal infrastructure will be critical. In this work, we
investigate the localization performance of a single rover operating in the Moon’s southern region (an area of high scientific
interest) using a single lunar satellite without a dedicated navigation payload. The rover is assumed to rely on only the Doppler
shift of the satellite downlink signal, along with its onboard odometry measurements, to estimate its position over time.
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1.1 | Related Works and Limitations

This work focuses on improving the simulation fidelity and state estimation for single-satellite Doppler-based localization, with
an emphasis on satellite ephemeris uncertainty and relativistic effects. P6hlmann et al. (2025) have incorporated temporally
correlated error models in lunar navigation and argue that temporal correlations are frequently neglected in existing works. Their
evaluation emphasizes hybrid architectures with more measurement diversity, including multiple satellites and a lunar reference
station. Motivated by this gap, we focus on the single-satellite case, where observability is limited and time correlation in the
errors can dominate estimator behavior.

Recent work has also highlighted the need for well-defined lunar time systems, such as Lunar Coordinate Time (TCL), and for
consistent conversions between Earth-based coordinate times and lunar time scales. Kopeikin and Kaplan (2024) and Bourgoin
et al. (2026) provide formulations for these transformations. liyama and Gao (2026) incorporate relativistic modeling when
performing orbit determination and time synchronization (ODTS) of a lunar satellite using weak GNSS signals. However,
relativistic modeling is still commonly neglected in rover localization studies, even though deterministic relativistic rate terms can
couple clock and orbital states in estimation. We address this limitation in the literature by incorporating relativistic corrections.

In prior work by the authors, we investigated rover localization under the same architecture, but with simplified noise models and
an anchored batch estimation approach (Coimbra & Gao, 2025b; Coimbra et al., 2025). In this work, we improve the fidelity of
the simulated error sources and introduce a tightly coupled filtering and smoothing framework that can process these time-varying
effects.

1.2 | Proposed Work

In prior work, we added white noise to rover velocity to model odometry noise, modeled clock effects using a simplified constant
bias, and simulated ephemeris uncertainty using white noise perturbations on satellite position and velocity. We also assumed an
Earth-based time reference and did not model TCL conversions or the corresponding deterministic relativistic rate terms. With
higher fidelity modeling, these assumptions can lead to estimator inconsistency and can mask time-correlated effects that are
important in low-observable, single-satellite regimes.

In this work, we refine the simulation fidelity by modeling rover odometry as a noisy incremental displacement measurement. The
rover and satellite clocks are modeled using 2-state stochastic dynamics that propagate clock bias and drift. Satellite ephemeris
errors are modeled as a time-correlated process with periodic ODTS updates. We also incorporate relativistic clock rate effects
and light-time delay in the measurement simulation and estimation framework. Given these time-varying error sources, we move
from an anchored batch approach to a tightly coupled Extended Kalman Filter (EKF) with Rauch-Tung-Striebel (RTS) backward
smoothing as a post-processing step.

Figure 1 organizes the simulation architecture as a set of high-level modules. The physics module includes rover and satellite
dynamics, clock dynamics, and spacetime effects, including relativistic effects and light-time delay. The measurement module
includes the measurements available in this limited infrastructure setting: rover odometry, satellite broadcast ephemeris, and
observed Doppler measurements. The Doppler measurements differ from an idealized model by accounting for spacetime effects,
thermal noise, and clock bias and drift. In the EKF module, the prediction and update blocks emphasize the design choices
specific to this scenario. The EKF runs in real-time, whereas the RTS smoother is applied offline in a backward pass to refine the
state estimates. Since each module contains stochastic elements, we evaluate the architecture through Monte Carlo simulation.

1.3 | Contributions

The new and innovative aspects of this work are detailed below. This work is adapted from a paper submitted to the Institute of
Navigation GNSS+ 2026 conference (Coimbra & Gao, 2026).

o Effect of time-correlated ephemeris errors for a single satellite on rover localization: To the best of the authors’
knowledge, this work is the first to quantify how time-correlated ephemeris errors degrade single-satellite Doppler-only
rover localization performance and to demonstrate mitigation using a tightly coupled EKF with a correlated bias state and
RTS smoothing.

¢ Relativistic effects on lunar satellite-rover interaction: To the best of the authors’ knowledge, this work is the first to
incorporate a consistent proper time and coordinate time treatment for both measurement simulation and estimation for
rover localization using a single satellite and to quantify the localization impact when these effects are omitted.
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FIGURE 1 Diagram of the simulation architecture.

1.4 | Paper Organization

The paper first discusses how the dynamics, physics, and measurements are modeled in Section 2. In Section 3, the design of
the state estimation architecture is described. Then, in Section 4, we define the values and references that are used to test our
simulation pipeline for the mission scenario. Section 5 shows what ephemeris and relativistic correction errors arise from the
values used in the simulation set-up, as well as the localization performance results from an ablation study on the EKF’s design.
Finally, we show the key result of the paper, which is the localization performance using the full EKF model and a backward pass
through RTS smoothing.

2 | MODELING

A primary contribution of this work is improved modeling fidelity in contrast to prior works. Specifically, we improve the
modeling of clock dynamics, spacetime physics, odometry, and ephemeris errors. For modeling aspects that are not primary
contributions of this work, we briefly introduce the main concepts and refer the reader to prior studies for additional details.

2.1 | Ground-Truth Dynamics

The ground-truth dynamics include the rover’s kinematics, the satellite’s orbit propagation, and the clock dynamics for both
assets, all of which produce the trajectories and timing references used throughout the rest of the simulation.

2.1.1 | Rover and Satellite Dynamics

The rover kinematic state is parametrized by [gb, A6, s] T, where (¢, \) are the latitude-longitude coordinates, 6 is the heading in
the East-North-Up (ENU) frame, and s is the rover’s speed. In this work, we model the Moon as a smooth sphere, as multipath
and other surface effects are outside the scope of this study. Rover-surface interactions, such as wheel slip, are modeled as noise
in the odometry measurements. Thus, the rover kinematic state is propagated using spherical kinematics with control inputs of
heading rate and linear acceleration. The state is transformed from the local ENU frame to the Moon Principal Axis (PA) frame
for consistency between rover and satellite frames. The propagation and transformation equations can be found in Section IIL.6 a)
in Coimbra and Gao (2025b).
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The satellite dynamics state [rs, Vs] Tis numerically propagated in the Moon-centered inertial (MCI) frame and later converted
to the Moon PA frame by the LuPNT simulator (Casadesus Vila et al., 2025). The simulator propagates the satellite state under an
N-body dynamical model, with the lunar gravitational field represented by a 100 x 100 spherical harmonic expansion and the
Earth and Sun modeled as point masses. Atmospheric drag and solar radiation pressure are neglected.

2.1.2 | Clock Stochastic Model
Previously, the clock dynamics were modeled as a zero-mean white Gaussian noise with constant variance that was determined
by the power spectral density (PSD) coefficients of a specified clock (Coimbra et al., 2025). In this work, the satellite and rover
clocks independently follow a 2-state stochastic model that propagates clock bias and drift. We represent the clock state x. for
both assets as follows.

Xl = m , M

ot
where dt is clock bias with units of seconds and dt is clock drift with units of s/s. The clock state is initialized to 0.

The clock state is propagated using a transition matrix ®.y, and a noise term wyy that has a process noise covariance Cyy. The
clock process noise C.Ji is parameterized by diffusion coefficients and the time step interval At. The diffusion coefficients ¢;
and ¢, correspond to the frequency white noise and frequency random walk, respectively (Long & Stacey, 2025).
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2.2 | Spacetime Physics Modeling

Compared with our prior work (Coimbra & Gao, 2025b; Coimbra et al., 2025), this study incorporates relativistic effects and
light-time delay into the ground-truth simulation and applies the corresponding corrections within the filter. Although relativistic
effects are often neglected in lunar navigation analyses, recent work has established mathematical frameworks for modeling
these effects in the lunar regime, making their incorporation into lunar navigation studies more tractable (Bourgoin et al., 2026;
Kopeikin & Kaplan, 2024).

2.2.1 | Reference Frames and Coordinate Times

In 2024, the International Astronomical Union (IAU) formally established the lunar celestial reference system (LCRS) and the
associated lunar coordinate time (TCL) as a standard framework for lunar applications (International Astronomical Union, 2024).
LCRS and TCL are the lunar analogs of the geocentric celestial reference system (GCRS) and geocentric coordinate time (TCG)
used for Earth-based applications. Accordingly, the unit of TCL is consistent with the SI second (International Astronomical Union,
2024). As mentioned in Section 2.1.1, satellite dynamics are propagated in the MCI frame. This is a Newtonian approximation
to the LCRS: the origin and nominal axis orientation match LCRS, but the equations of motion omit the post-Newtonian
metric corrections and use International Atomic Time (TAI) rather than TCL as the time argument. At the accuracy relevant for
meter-level Doppler-based navigation over a 24-hour simulation window, the effects of using a true realization of LCRS are
negligible compared to the dominant error sources in the measurement model. We confirm this claim by evaluating the leading
first post-Newtonian (1PN) acceleration corrections on the lunar satellite (Sosnica et al., 2021), which include the Schwarzschild,
Lense-Thirring, and de Sitter effects. Integrated over 24 hours, these terms produce satellite position perturbations of order 1 cm
or less and a conservative range rate error below 8 pm/s. The separate time-scale effect from using TAI rather than TCL produces
a secular range-rate-equivalent drift below 0.06 mm/s. These errors are well below the modeled measurement errors, including
the ODTS ephemeris velocity residual of order 1 mm/s and the Doppler thermal noise floor of order 10'~10? mm/s. We therefore
find that a 1PN LCRS realization is unnecessary for the meter-level Doppler navigation analysis considered in this study.

TAI is also the natural time argument for the simulation since the underlying SPICE planetary ephemerides are tagged in
Earth-based time scales, so re-tagging every ephemeris query into TCL would shift the same conversion elsewhere in the pipeline
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without changing the underlying physics. Relativistic clock-rate effects for the satellite and rover are instead modeled separately in
the clock dynamics and enter the Doppler measurement model directly. Recent work has derived the mathematical relationships
between geocentric and barycentric coordinate times and TCL, as well as the relationship between the proper time of a lunar
clock and TCL (Bourgoin et al., 2026; Kopeikin & Kaplan, 2024).

Proper time is the time measured by an idealized clock along its own worldline, which is the path that the clock follows through
four-dimensional spacetime. By contrast, coordinate time is the time parameter associated with a specific reference system
and is thus frame-dependent but not path-dependent. In navigation applications, the observables are tied to the proper times of
individual assets. However, because each clock’s rate depends on its position and velocity, the proper times of different clocks
must be related to a common coordinate time for consistent comparison. In this study, we therefore compute the rate difference
between the proper time of each asset and TCL.

2.2.2 | Relativistic Effects

The dominant relativistic effects are incorporated into the clock and measurement simulation. The proper times of the rover
and satellite clocks are computed from each clock’s position in the lunar gravitational potential and the special-relativistic time
dilation associated with its velocity relative to the inertial frame. Shapiro delay is a gravitational signal propagation delay that
becomes significant when the signal path passes close to a massive body, particularly the Sun (Shapiro, 1964). Because the
rover-to-satellite link considered in this scenario is much shorter than an Earth-to-Moon link and does not pass near the Sun, we
neglect Shapiro delay in our formulation. Kopeikin and Kaplan (2024) provide the transformation between the proper time of a
lunar clock 77, and s := TCL as follows.

1

TL:s—g/ <T2L+UL(7’L)+VLﬁde>dS R 5)

where 7, is the velocity of the lunar clock in the LCRS, Uy, (1) is the lunar gravitational potential at the clock’s distance from
tide

the lunar center of mass 7, and V;'“¢ is the tidal gravitational potential of external bodies.

In our simulation, the rover traverses less than 12 km. Over this distance, the variations in lunar gravitational potential due
to neglected higher-degree gravity terms produce clock rate perturbations that are orders of magnitude below the Doppler
measurement noise floor. For the satellite clock-rate correction, neglected higher-degree terms are further attenuated with altitude,
making their contribution even smaller. It is therefore permissible to use a lunar mass-monopole approximation for the rover and
satellite clock-rate correction in this scenario: Uy, (1) ~ ur /v, where up, is the Moon’s gravitational parameter.

According to Kopeikin and Kaplan (2024), the tidal potential contribution to the secular drift of a lunar clock is 8.7 x 10~% ps/day
from the Sun and 1.5 x 1075 us/day from the Earth. Given that a stationary clock on the lunar surface experiences a secular drift
of 2.7 us/day, we consider the lunar gravitational potential term to be dominant and neglect the tidal potential term in this work.
Thus, the rate difference ¢, between the proper time of an asset in the lunar regime and TCL can be simplified as follows.

dire—s) 1 <7*L+HL>

ds T2

Otrel =
ol 2 TL

(6)

A fully consistent simulation would also require converting the clock state from TCL to TAI to maintain consistency with Earth
operations and with the fact that the satellite orbit propagation is performed in TAI. However, the TCL-TAI conversion is identical
for the satellite and rover clocks, since this common time-scale transformation does not depend on the asset-specific clock
trajectory once the clock has been referred to TCL (Kopeikin & Kaplan, 2024). The truth model retains this common-mode term
for physical realism, but it cancels in the Doppler measurement model when the satellite and rover clock drifts are differenced, so
the details of the TCL-TAI conversion have no effect on the EKF residuals and are omitted from this work.

Since the Doppler measurement is sensitive to clock drift rather than clock bias, we retain the relativistic correction only in the
drift component. As shown in Section 2.1.2, the clock bias state is still propagated because the 2-state clock dynamics couples
bias and drift through the process covariance C.j.. However, we do not model a separate deterministic relativistic correction to
clock bias since clock bias does not enter the measurement model. Under this approximation, the clock drift of each asset is
represented as follows, where 5tstoch refers to the stochastic part of the clock drift St as defined in Equation 1.

gt = (S.tstoch + Strel (7)
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2.2.3 | Light-Time Delay

When the rover receives a Doppler measurement, the reception time ¢, is not equal to the transmission time ¢i. Therefore,
to evaluate the Doppler measurement accurately, we must estimate the satellite position at the time of transmission, r(ttx),
using the information available at the time of reception ¢,. We define the light-time delay as the one-way propagation time from
satellite transmission to rover reception, i.e., Ty = t;x — t1x. We approximate the light-time delay 7j; as the instantaneous range
at reception divided by the speed of light c.

e = [rs(tex) — T (te) | ~ [rs(tix) — T (te) | 8)
c c

The satellite position at transmission time is then computed using a first-order light-time correction. Although rg(¢¢x) could
instead be solved iteratively (which is the approach used for ground-truth modeling), we find the first-order correction reproduces
the iterative transmission-time position to within 20 pm, which is far below the meter-level navigation accuracy desired. This
correction uses the inertial time derivative of the satellite position in Moon PA coordinates. The derivative is expressed as the
sum of the satellite velocity v in the Moon PA frame and the contribution from the rotation of the Moon PA frame, where wy, is
the Moon’s angular rotation. We further assume that the light-time delay 7y, is sufficiently small such that v (tx) ™~ vs(trx).
Under these assumptions, the satellite position at transmission time is computed as follows.

rsg (ttx) =Ty (trx) — Tt - (Vs (trx) + W XIg (trx)) (9)

In later sections, we use the superscript * to denote states corrected for light-time delay to the first order, such as r () := rs(tx).

2.3 | Measurement Modeling

The minimal infrastructure scenario described in this paper is unique in that the setting is confined to very few available
measurements. In this section, we describe the models used to generate the measurements that the rover uses for localization:
odometry, broadcast ephemeris from the satellite, and the observed Doppler shift from the communication signal of the satellite.

2.3.1 | Odometry

For rover motion sensing, we assume onboard sensors such as inertial sensors, gyroscopes, LiDAR, and wheel encoders provide
knowledge of incremental rover motion. We aggregate these effects into an odometry measurement model in which we add white
noise to the incremental distance traversed between consecutive states. The noise standard deviation is proportional to the true
delta distance traveled over the step Ad,ue, Where o, is the proportionality constant.
2
Admeas = Adtrue + Eodo Eodo ™ N(O, Uodo) (10)

Oodo = Qodo * Adtlrue (11)

2.3.2 | Broadcast Ephemeris

In addition to odometry, the rover receives broadcast ephemeris from the satellite. The broadcast satellite state available to the
rover is assumed to be imperfect. The broadcast satellite position Iy and velocity v are modeled as the sum of the true satellite
state, propagated according to the dynamics described in Section 2.1.1, and error terms in position 74 and velocity dvs.

Ts =rs +0r, (12)
Vg = Vg + 0, (13)

These ephemeris error states are modeled using a time-correlated stochastic process. Pohlmann et al. (2025) noted that most prior
lunar PNT studies model satellite-related measurement errors as white Gaussian noise and introduced temporally correlated
models for pseudorange and pseudorange rate biases. Since the measurement architecture in this work is based on one-way
Doppler, the same modeling principle is adopted, but implemented in Cartesian ephemeris error states rather than directly in the
measurement bias space.

Specifically, we apply a first-order Gauss-Markov (FOGM) process to the satellite acceleration error because ephemeris errors
arise from unmodeled forces that act through acceleration. This formulation is commonly referred to as a Singer model, where
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acceleration is represented as an exponentially correlated random process (Singer, 1970). The ephemeris error state Xepp, consists
of the satellite position error 47, velocity error dv,, and acceleration error da in all three Cartesian axes.
} T

xeph:[drs ovs dag (14)

Similar to the clock stochastic model, we propagate the ephemeris error state X.p1, using a discrete-time state transition ®¢p}, and
process noise wepp, defined by the Singer model to generate the ground truth.

Xeph,k+1 = (I)eph(Atk)Xeph,k + Weph,k Weph,k ™~ N(07 Ceph(Atk)) (15)
The state transition @1, is a function of the time step At and the correlation time constant 7eph.

1 At 7—C2ph (e—At/Teph + At/Teph o 1)
(I)Cph(At) =10 1 Teph (1 — €_At/TCPh) (16)
0 0 e~ At/ Tepn

Since the chosen parameters result in small A¢/7,,,, we use a Taylor series approximation to compute the process noise
covariance Cepp,. The covariance Copp is used to define the process noise wepn as shown in Equation 15 and is also a function of
the steady-state acceleration variance o2 .

952 [A°/20 At*/8 At®/6
Cepn(At) ~  lim  Cepp = —2% | At*/8  At?/3 At?)2 (17)
At/"'eph_>0 Tcph At3/6 At2/2 At

Under this model, the expected ephemeris error growth is unbounded in the absence of ODTS corrections. We therefore assume
the satellite receives periodic ODTS updates from an Earth ground station or other lunar asset, and we model these corrections as
resets at a fixed interval. Rather than resetting each error state exactly to zero, we sample each axis independently using reset
variances o2,_.,. No time derivative constraints are imposed at the reset instant, but the subsequent FOGM propagation restores
dynamical consistency. We assume that the rover has exact knowledge of when these ODTS resets take place.

2.3.3 | Observed Doppler Shift

The third and final measurement that the rover receives is the observed Doppler shift. In practice, we formulate the measurement
model in terms of pseudorange rate because Doppler shift is simply a known scalar multiple of pseudorange rate for a given carrier
frequency. Using the ground-truth dynamics and spacetime physics models described in Sections 2.1 and 2.2, we synthesize these
components into the pseudorange rate form of the Doppler measurement model at reception time ¢, as shown in Equation 18.

In the measurement model, all satellite states are evaluated at transmission time using light-time correction, and all rover states
are evaluated at reception time. The rover and satellite clock drifts, ¢, and dt,, each include both stochastic and deterministic
relativistic components, as described in Equation 7.

~ N r: — T, . .
p(t) = (vi —v,) - Tes ol +c (6tr - (5ts) +e, , e, ~N(0,07) (18)

The additive noise term ,; has variance o7, which represents the thermal noise associated with carrier tracking. The thermal
noise variance o7 is determined from the link budget through the carrier-to-noise density ratio C'//Ny. Details of the thermal
noise and link budget formulation can be found in Coimbra and Gao (2025a).

3 | STATE ESTIMATION

Prior works evaluated the single-satellite scenario using a weighted batch filter to localize the rover (Coimbra & Gao, 2025b).
However, that formulation assumed near-perfect knowledge of the rover’s motion and represented clock drift as a single constant.
This work adopts a richer error model including FOGM-driven ephemeris errors with ODTS resets, stochastic clock drift, and
step-correlated odometry noise. The EKF naturally accommodates these time-correlated processes by augmenting the state to
track their evolution and propagating covariance forward at each step. We also investigate the post-processing improvements from
RTS backward smoothing, which like a batch filter, refines each epoch’s estimate using the entire measurement history.
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3.1 | Extended Kalman Filter

The single-satellite measurement geometry leads to a weakly observable estimation problem. This setting motivates a low-
dimensional state representation and careful treatment of the dominant error sources. In this section, we present the selected
state representation and the corresponding EKF predict and update equations. The resulting formulation captures the dominant
measurement effects without unnecessarily increasing the estimator dimension.

3.1.1 | State

In prior work, the rover state estimate included the rover’s 3D position and a clock drift term (Coimbra & Gao, 2025b). In this
work, to account for biases induced by time-correlated ephemeris errors, we augment the rover state to include a scalar bias
term 0tepn. The EKF treats the satellite ephemeris as a known input, so unmodeled satellite ephemeris errors enter the Doppler
observable as an effective time-correlated measurement bias. Modeling the full satellite error state would unnecessarily increase
the estimator dimension in a setting where measurements from a single satellite already provide weak geometric observability.
Instead, we model the dominant effect using a single bias state with FOGM dynamics.

Thus, the 5D estimated state x is composed of the rover’s 3D position r,., a relative clock drift term d.ji := c((ftr — Sts), and the
scalar bias term 6t.pp, as follows.
-
rs
x=|da | €R? (19)
Oteph

Under the ablation study where we investigate the effects of not using any satellite-based measurements, the relative clock drift
term simplifies to be only the rover’s clock drift, dey := ¢dt,..

3.1.2 | Predict

The predicted state estimate is computed based on the dynamics of each term. Odometry is used as a control input to propagate
the rover position, so the rover position is updated using the measured delta distance Adyeas and the rover heading uyqg, Which
is recomputed from the current estimated position at every predict step. The relative clock drift d.x is a stochastic process, so its
next estimate is its previous estimate. We previously discussed that the ephemeris error is encapsulated by a slowly varying,
time-correlated error, or a bias. Carpenter and D’Souza (2025) state that the best practice for bias modeling for sequential
navigation filters, such as the EKF, is to use a FOGM process. The FOGM equations are used for the ephemeris bias term dteph
in Equations 20 and 24.

f‘s,k\k + Admcas,kuhdg,k
Kipr1je = { denp|i (20)
e AT St ki
The predicted state error covariance Py 1)), is computed using standard EKF equations. The state transition F is the Jacobian
of the state presented in Equation 20. The process noise covariance Q is composed of the process noise from the 3D rover
position Qs the relative clock drift Qi x, and the ephemeris bias term Qeph k-

Pk+1|k = FkPk|kF; + Qk (21)
F). = diag (147 eiAt/Te"]‘> (22)
Q) = blkdiag (onsjm chk,ku erh,k) (23)

Because Doppler measurements from a single satellite provide limited geometric observability, the filter can become overconfident
in directions that are weakly constrained by the measurement. To prevent inconsistency, we inject additional process noise in the
cross-track direction into Qps, as a conservative model for unmodeled lateral effects, such as heading uncertainty and surface slip,
and to maintain realistic covariance growth in weakly observable directions. To define Qcix k., the drift process noise variance rate
for a single asset is Q = A¢ (Long & Stacey, 2025). Since the clock variances are independent, we can add the contributions from
the rover and satellite as shown in oji. The process noise for the ephemeris bias Qcpn, i follows the FOGM dynamics equations.
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We manually tune the cross-track noise multiplier a..,s and the steady-state variance in the ephemeris bias process ngh .5

2 T 2 T
ons,k = godo,k(uhd&kuhdg,k) + Ucrs,k(ucr&kucrs,k) y  Ocrs,k = QcrsOodo,k

Qe k = oAt Ok = ¢\/qar T G2 (24)

2 —2At/Teph
erh,k = Oeph,ss (1 —€ /Ter )

As mentioned previously, we assume the rover has knowledge of ODTS update times. Thus, when an ODTS reset occurs, the final
index that corresponds to the bias term dt.py, in the predicted state estimate X, |, in Equation 20 and in the state transition F,
in Equation 22 are set to 0. We reduce the bias covariance at the ODTS reset instant to a constant variance aareset to reflect
improved ephemeris knowledge after correction.

3.1.3 | Update

For the odometry-only ablation study, we run the EKF using only the state propagation defined by the predict step. When applying
Doppler measurements, we enable the EKF to also perform the update step using Doppler shift measurements. At each epoch,
the filter receives the broadcast ephemeris, which is interpreted as the noisy satellite state (¥s, V) and the pseudorange rate
observables ,5

The update step mirrors the chain of operations for ground truth generation. Prior to using the standard EKF update equations, the
spacetime physics corrections are applied. First, the noisy satellite states are light-time corrected as shown in Equation 9 based on
the filter’s noisy knowledge of the satellite states and the estimated rover state. Next, we require an estimate of the rover velocity.
We neglect to include the rover velocity in our state x in order to prevent the state from becoming too high-dimensional with
respect to the observability. Instead, we estimate the rover velocity using the odometry measurements.

Admcas,k

Al Uhdg,k (25)

Ve k =

The predicted pseudorange rate measurement, with first-order light-time corrections, is as follows.

~x ~
I‘s — rr,k

pr(t) = (V5 = Vpp) - TR + deti k-1 + Oteph kjk—1 (26)
s ,

The deterministic relativistic correction 7, is applied when computing the measurement residual y . The rate difference Otrel iS
defined in Equation 6 and is calculated using the filter’s knowledge of each asset’s states.

Yk =p— (P + Crerr) (27)
nrel,k: L= gtrel(f‘r,k; \A’r,k) - 6'trel(f':7 {’:) (28)

In Equation 25, we introduced the odometry process noise into the measurement noise when we defined the rover velocity
estimate V. , in terms of the measured delta distance Adyeas. Thus, the covariance update must consider correlation between the
process and measurement noise in this system. Using Grewal and Andrews (2001), let us define the cross-covariance matrix Cy
as shown in Equation 29. The process noise wy, here refers only to the component that is cross-correlated with the measurement
noise, which is the odometry noise €,4, (defined in Equation 10) projected in the heading direction. The process noise wy
is defined as the residual that reconciles the filter’s deterministic propagation with the ground truth motion, which results in
the negative sign. Likewise, the measurement noise v, contains the cross-correlated contribution from the odometry-derived
velocity estimate V. ;,, defined in Equation 25. The Doppler measurement Jacobian with respect to rover velocity is the negative
line-of-sight unit vector from rover to satellite —e,’ . To extract the component of the velocity error that affects the scalar
measurement, we project the velocity vector onto the measurement’s gradient with respect to velocity.

Cr : = E[wpv) | (29)

Wi = —Eodo,kUhdg,k (30)
EO (o]

vy, = —2dok (er - Undg,k) 31

At
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For cross-correlated noise, the measurement update equations are as follows (Grewal & Andrews, 2001).

Xi|k = Xplh—1 + Kryk (32)
-1

K = (Pyp_1H) + Ci) (H Py H] + Ry + HyC, + C/H)) (33)

Pip =Pyt — Ky, (HiPypo1 +CL) (34)

where K is the Kalman gain, H is the measurement Jacobian, and R is the measurement noise covariance. Note that Equation 34
reduces to the Joseph form when there is no cross-correlation (i.e., C;, = 0). This becomes more obvious in the expanded form
of Equation 34, as shown below.

Lk =1- Kka (35)
Pii = LyPyp—1 L) + K RiK, — LiCiK, — K, C L] (36)
The measurement noise covariance R is defined as the sum of the measurement variance, which is the thermal noise o; defined in

Equation 18, and the line-of-sight projected variance from the rover’s velocity uncertainty, similar to the formulation of the
measurement noise vy, in Equation 31.

)2 (37)

2 Oodo,k
Ry =07 + (T ler - Uhdg,k

3.2 | RTS Backward Smoother

The forward pass of the EKF processes the measurements in real-time. As a post-processing step, we apply a single pass of
the RTS backward smoothing (Rauch et al., 1965) to leverage future measurements and refine prior state estimates. The state
estimates are computed through a backward pass from k = N — 1 to k = 0 as follows:

Ay = Pk‘kFZP;Hk (38)
Xg|N = Xgjp + Ak (Rps1|v — Xpeg1)k) (39)
Pin = Prj + Ak (Priyy — Praar) AL (40)

In practice, this smoother can be applied to refine and improve the geotagging accuracy for samples collected along the rover
trajectory.

4 | SIMULATION SET-UP

Using the physics models and state estimation framework described in Sections 2 and 3, we use parameters from real mission
specifications (or make assumptions if necessary) to validate our filter design for the single-satellite scenario. Specifically, we
describe the rover and satellite dynamics as well as the measurement parameters below.

4.1 | Satellite and Rover

To enable direct comparisons, we employ a similar simulation setup and measurement model to prior work. We model the satellite
using ESA SSTL Lunar Pathfinder specifications (SSTL, 2022). The satellite follows an elliptical lunar frozen orbit (ELFO) with
an orbital period of 10.84 hours. Given that a detailed operations timeline for the satellite is not yet released, we initialize the
satellite’s mean anomaly to 49° at 00:00:00 UTC on 2030 October 1 so that the satellite just enters the visibility region with
respect to a user positioned at the Artemis Basecamp (87.0° S, 50.5° E). We employ Lunar Pathfinder antenna parameters and
assume the satellite antenna points in the nadir direction.

The rover traverses north at a constant 0.5 km/hr, which is an average traverse speed cited for long-range lunar rovers (Keane
et al., 2022). For rover signal availability, we apply an elevation mask of 5 degrees and a carrier-to-noise density ratio threshold
of 30 dB-Hz, consistent with Nardin et al. (2023) and Melman et al. (2022). This yields an occultation duration of roughly
3 hours per 10.84-hour orbit, when the rover is located at the Artemis Basecamp. We model the rover high-gain omnidirectional
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antenna using NASA Endurance rover specifications (Keane et al., 2022). We assume the rover initial error is 5 m standard
deviation per-axis in position and 1 mm/s standard deviation per-axis in velocity, motivated by human-in-the-loop map matching
or stationary position refinement (Coimbra et al., 2025).

As defined in Section 2.1.2, the satellite and rover clock dynamics are defined using a 2-state stochastic model. We assume that
the satellite is equipped with a Spectratime Rubidium Atomic Frequency Standard (RAFS), and the rover is equipped with a less
accurate chip-scale atomic clock (CSAC). The diffusion coefficients g; and g» for both clocks are listed in Table 1.

TABLE 1
Satellite (RAFS) and Rover (CSAC) clock parameters (Ashman et al., 2024; Long & Stacey, 2025)

Clock q1 q2
RAFS 3.70 x 10724 1.87 x 10733
CSAC 5.8 x 10~22 1.5 x 10~2°

4.2 | Measurement Parameters

For odometry, we apply a noise standard deviation that is equal to 50% of the true delta distance traveled in the ground-truth
measurements. Thus, using notation outlined in Section 2.3.1 and 3.1.2, a,sqo = 0.5 and the manually-tuned cross-track noise
multiplier a5 is set to 0.1.

As corroborated by Grenier et al. (2022), achieving accurate broadcast ephemerides in real time from a lunar navigation system is
still an active research area. Grenier et al. (2022) state that 1o orbit predictions for lunar satellites vary from 5 to 50 m. Since the
requirements for lunar satellite ephemeris are yet to be standardized across interoperable partners, we apply a conservative steady-
state acceleration error standard deviation. The time-correlated nature of the ephemeris error model results in monotonically
increasing errors, necessitating ODTS resets. Table 2 outlines the ephemeris error parameters as well as the values used for
simulating ODTS resets. For the bias-augmented filter, the standard deviation for the steady-state bias ocpn,ss Was set to 5.05 mm/s
to equal the empirical root mean square (RMS) of the line-of-sight projection of the true range-rate ephemeris error. The bias,
which follows FOGM dynamics as explained in Section 3.1.2, has a correlation time of 2 hours and a reset bias of 1 mm/s, which
is equivalent to the truth-side ephemeris error model as shown in Table 2.

TABLE 2
Time parameters and standard deviations (STDs) used to simulate time-correlated ephemeris errors and ODTS resets

Parameter Value
Correlation time 2 hours
Steady-state acceleration error STD per 10~* mm/s?
axis

Reset time interval 6 hours
Reset position error STD per axis 1m
Reset velocity error STD per axis 1 mm/s
Reset acceleration error STD per axis 10~° mm/s>

The odometry, Doppler measurements, and filter updates were applied at a 1 Hz frequency. Due to the stochasticity of several
error sources, we validate the filter across 100 Monte Carlo realizations over a 24-hour simulation window.
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S | RESULTS

In this section, we first show how the ground truth is characterized in the simulation and highlight how observability can drastically
change depending on the rover’s location on the Moon. Then, we discuss the results of the ablation study, which quantifies the
localization performance impact of making certain modeling assumptions in the filter, such as neglecting relativistic effects.
Finally, we show the filter’s best performance using both forward and backward passes.

5.1 | Ground Truth Characterization

As mentioned in Section 2.3.2, the rover receives noisy broadcast ephemeris from the satellite. Using the ephemeris parameters
from Table 2, we find that the conservative steady-state acceleration error STD results in a position error of up to 80 m, as shown
in Figure 2. The velocity error reaches around 4 mm/s at the end of each 6-hour ODTS reset interval.
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FIGURE 2 3D RMS ephemeris errors in [top] position and [middle] velocity. [Bottom] Per-axis acceleration errors showing the applied
steady-state acceleration perturbations. ODTS resets are indicated by the vertical dotted line.

We also investigate the effects of local gravitational and kinematic time dilation on the rate offsets of the satellite and rover
clocks. The rate offset for the rover appears as a constant because the time dilation due to gravity dominates the kinematic
effects. Although the rover is traversing at 0.5 km/hr, this speed has a negligible effect and the Moon’s rotation contributes a
kinematic time dilation effect on the order of 10~17 s/s. For the satellite, both gravitational and kinematic effects are on the order
of 107! s/s. Figure 3 illustrates the rate offsets of the satellite and rover clocks. To correct for such relativistic effects, we apply a
differential local rate in the filter that is equivalent to the difference between the satellite and rover clock rate offsets.

5.2 | Ablation Study

The purpose of the ablation study is to quantify the contribution of filter-side design choices to the localization performance. The
rover-satellite parameters and the truth-side physics are identically modeled in all ablation cases. The only modification in each
ablation case is how the EKF is modeled. Table 3 denotes which filter design choices are removed for each case. When the bias
state is disabled, the EKF state reduces to four dimensions, the 3D rover position and the relative clock drift. When relativistic
corrections are disabled, the EKF update step no longer applies the correction in Equation 27. When the light-time delay
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FIGURE 3 [Top] Rate offsets of the satellite and rover clocks based on local gravitational and kinematic time dilation relative to TCL.
[Bottom] Differential local rate applied to the filter to correct for relativistic effects.

corrections are disabled, the filter directly applies the noisy satellite states (T's, V) in Equation 26. When Doppler measurements
are disabled, the EKF is only relying on odometry and is thus only running the predict step. The fourth dimension in the state, the
relative clock drift term, reduces to only estimate the rover clock drift.

TABLE 3
Enabled filter design choices and final mean position error for each ablation case. The ablation case labels correspond to the legend in Figure 4.

Ablation case Doppler Bias state Relativistic Light-time Final mean
position error [m]
Full model v v v v 32.9
-[Bias] v 34.8
-[Bias, Rel] v 94.7
-[Bias, LT] v v 36.9
-[Doppler] 52.0

In the ablation cases, we disable the bias state when relativistic or light-time corrections are removed. Otherwise, the bias state
absorbs part of the line-of-sight projection of the omitted physics, in addition to the intended ephemeris errors, thereby masking
the effect of physics mismodeling on the position estimate. Disabling the bias state exposes these errors directly in the positioning
performance. When we remove the bias term from the filter, we inflate the measurement noise covariance R, as would be done to
account for errors that are not directly estimated by the filter. As a note, inflating the measurement noise does little to mitigate
errors that are time-correlated, such as the ephemeris error model used in the study.

The results of the ablation study, shown in Figure 4, reveal two key conclusions: (1) Doppler measurements provide limited
position improvement during the first ODTS interval because the time-correlated ephemeris errors dominate within each 6-hour
interval, leaving short-term positioning to be driven primarily by odometry. Comparing the “Full model” to the “-[Bias]” case,
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we find that the bias state is necessary in absorbing these ephemeris errors until each ODTS reset. The fully-modeled filter
outperforms the odometry-only case (“-[Doppler]”) by taking advantage of the ODTS resets. (2) Omitting relativistic corrections
causes substantially larger position errors than omitting light-time corrections. This result suggests that relativistic modeling is
essential for achieving meter-level positioning in the lunar environment, while light-time corrections have a comparatively minor
effect for the ELFO geometry considered in this study.

Mean 3D position error Position residual with respect to full model
60
80 T
— \"’\—_[\'\/\ Occultation
-31/10 EGO ------------ ODTS update
S = —— Full model
? '_5 40 —— —|[Bias]
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FIGURE 4 [Left] Mean 3D position error across 100 Monte Carlo runs for each ablation case using only the forward EKF pass. [Right]
Mean 3D position error residual with respect to the full model. The legend applies to both subfigures.

5.3 | Tightly Coupled EKF with RTS Smoothing

Figure 5 shows the real-time forward pass of the EKF (equivalent to the “Full model” line in Figure 4) and a single backward pass
using RTS smoothing. Despite the low observability of the single-satellite Doppler system and the multiple time-varying error
sources modeled for higher fidelity validation, we find that the tightly coupled EKF with RTS smoothing is able to extract useful
information from minimal measurements and maintain reasonable localization accuracy over time. The backward pass reduces
the position error growth following the third ODTS reset, significantly reducing the accumulated error over the first 18 hours.
Although the final mean position error remains the same as the forward pass, the backward pass is able to mitigate the errors due
to ephemeris errors and take better advantage of the ODTS resets for all previous state estimates. Thus, for a mission scenario
where the rover must accurately geotag samples, RTS smoothing proves to be an effective method to further refine the position
estimates at sample collection sites during post-processing.

6 | CONCLUSION

In this work, we developed a lunar physics simulator and a sequential state estimator to evaluate rover localization from the
Doppler shift of a single relay satellite. To evaluate the estimator at high fidelity, we implemented two effects that prior lunar PNT
studies have largely treated as secondary: temporal correlations in ephemeris errors and clock rate offsets due to gravitational and
kinematic time dilation. We find that the relativistic correction is in fact a substantial contributor to position error, since omitting
it nearly triples the final position error over a 24-hour window. The time-correlated ephemeris error has a more regime-dependent
effect, since large errors can force the filter to rely on odometry between ODTS resets and limit how much Doppler contributes
within each interval. Across 100 Monte Carlo realizations over a 24-hour window, the filter proposed in this work achieved a final
mean 3D position error of 32.9 m, compared to 52.0 m for the odometry-only baseline, which is a 36.7% improvement. The RTS
backward pass further leveraged future ODTS resets to consistently reduce error growth as well as uncertainty within the first
18 hours of the trajectory. Future work includes extending the framework to hybrid architectures with multiple relay satellites or a
lunar reference station, refining the ephemeris and ODTS parameters against operational performance estimates from planned
lunar relay missions, and incorporating lunar terrain into the filter to constrain both the rover’s surface position and the satellite
signal availability patterns that the rover observes along its traverse.
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FIGURE 5 Position error over time using an online forward EKF pass and an offline backward RTS pass.
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